We consider a Dirac one-electron atom placed in a weak, static, uniform electric field. We show that, to the first order in the strength of the perturbing field, the only magnetic multipole moment induced in the ground state of the atom is the quadrupole one. The tensorial structure of that moment is resolved. Using the Sturmian expansion of the generalized Dirac-Coulomb Green function [Szmytkowski, J. Phys. B 30, 825 (1997); 30, 2747(E) (1997)], we derive a closed-form expression for an E1 → M2 cross-susceptibility of the atom in the ground state.
I. INTRODUCTION
Some years ago, we undertook a research program with the goal to carry out systematic analytical calculations of various parameters characterizing a response of a relativistic hydrogenlike atom to external electric and magnetic fields. The main tool used in these calculations has been a Sturmian series representation of the Dirac-Coulomb Green function found by one of us in Ref. [1] . Thus far, our calculations have been restricted to the case when the atom is in its ground state. We have succeeded to find expressions for the atomic static and dynamic electric dipole polarizabilities [1] [2] [3] , the induced magnetic anapole moment [4] , the dipole magnetizability [5] , the electric and magnetic dipole shielding factors [6, 7] , and, most recently, the electric quadrupole moment induced in the electronic cloud of the atom by a weak, static, uniform magnetic field [8] . In the present work, which is a natural extension of the research reported in Ref. [8] , we present calculations of the magnetic quadrupole moment induced in the ground state of the Dirac one-electron atom by a weak, time-independent, uniform electric field. We are not aware of any previous calculations of that quantity.
The plan of the paper is as follows. In Sec. II, we recall basic relevant facts concerning the ground state of the Dirac one-electron atom perturbed by a weak, static, uniform electric field. In Sec. III, an analysis of atomic magnetic multipole moments is carried out. We show that in an unperturbed state the only nonvanishing magnetic multipole moment is the dipole one, while the electric field induces the magnetic quadrupole moment only. In Sec. IV, first, we resolve a structure of the induced quadrupole moment tensor, and then we calculate an atomic E1 → M2 cross-susceptibility.
II. PRELIMINARIES
It has been already stated in the introduction that the system to be studied in this work is the Dirac one-electron atom placed in a weak, time-independent, uniform electric field F. In what follows, we shall be assuming that the atomic nucleus * radek@mif.pg.gda.pl is motionless, pointlike and spinless, and that its electric charge is +Ze. Before the field has been switched on, the atom was in its ground state. The external electric field is assumed to be so weak that the probability that the field ionization of the atom occurs is negligibly small.
The time-independent Dirac equation for the atomic electron is then
where α and β are the standard Dirac matrices. To the lowest order in the perturbing field, the energy eigenvalue is
Here
3)
(α, not to be confused with the Dirac matrix α, is the Sommerfeld fine-structure constant), is the ground-state energy level of the isolated atom, whereas the first-order correction to energy appears to vanish:
To the same order in the perturbation, the electronic wave function is (r) (0) (r) + (1) (r), (2.6) with the unperturbed component given by
the coefficients a ±1/2 being subjected to the constraint
The two basis states appearing in Eq. (2.7), orthonormal in the sense of 9) are given by
where κμ (n r ) are the spherical spinors [9] with the quantization axis chosen along the electric field direction, while the radial functions are
It is easy to verify that the radial functions (2.11) are normalized to unity in the sense of
Since the perturbation e F · r does not couple the two states
±1/2 (r), the coefficients a ±1/2 in Eq. (2.7) remain undetermined except for being forced to obey the normalization constraint (2.8). The correction (1) (r) is of the form 13) where the coefficients a ±1/2 are the same as in Eq. (2.7), while the functions
±1/2 (r) solve the inhomogeneous equation
(with E
(1) μ = 0) and are subjected to the orthogonality constraints
Explicitly the functions
±1/2 (r) are given by (1) For a given electric current distribution of density j (r), spherical components of the magnetic 2 L -pole moment tensor due to that current are defined as
where Y LM (n r ) is the normalized spherical harmonic. (As various phase conventions for the spherical harmonics are used in the literature, we emphasize that in this paper we adopt the Condon-Shortley phase convention; Ref. [11] , Chap. 5.) It is easy to see that Eq. (3.1) can be rewritten as
2) with
For the purposes of the present paper, the representation of M LM given by Eq. (3.2) is superior to the one in Eq. (3.1). In the case under consideration when the system is the Dirac one-electron atom in the static, uniform, and weak electric field, characterized briefly in the preceding section, the current density is
provided the wave function (r) is normalized to unity:
Equations (3.4) and (2.6), together with the orthogonality constraint (2.15), imply that to the first order in the perturbing electric field the current j (r) can be approximated as
where
and
are the unperturbed and the first-order induced current distributions, respectively. The decomposition (3.6) gives rise to the analogous splitting
of components of the multipole moment into the unperturbed
1 There is not a unique definition of the magnetic multipole moments in the physical literature. In some definitions the factor √ 4π/(2L + 1) is omitted, in other the harmonic Y LM (n r ) is replaced by its complex conjugate [in Ref. [10] , Sec. 16.5, both these deviations from the definition (3.1) occur simultaneously]. and the first-order induced
B. Analysis of permanent multipole magnetic moments of the atom
At first, we shall focus our interest on the unperturbed moment M (0) LM given in Eq. (3.10). In view of Eqs. (3.7) and (2.7), it can be written as
with
Now, recalling the definition (3.3) and exploiting the fact that the matrix α is Hermitian, we have
14)
The expression on the right-hand side of the above equation can be simplified with the aid of Eq. (2.10) and of the identity [Ref. [9] , Eq. (3.2.
3)]
This casts Eq. (3.14) into
Hence, it follows that
where the shorthand bracket notation
has been used for the angular integrals. Exploiting the identity [Ref. [9] , Eq. (3.1.
3)] n r · σ κμ (n r ) = − −κμ (n r ), (3.19) it is easy to prove that
and therefore Eq. (3.17) can be rewritten in the form
In view of Eqs. (2.11a) and (2.11b), the radial integral in the above equation is elementary. In turn, the angular integral can be evaluated from the general formula 4π denotes the Wigner's 3j coefficient and and similarly for l . The result is 4π 
where μ B = e /2m is the Bohr magneton. We have thus proved that in the ground state of the unperturbed atom the only nonvanishing magnetic multipole moment is the dipole one; its spherical components are given by Eqs. (3.27a) and (3.27b).
If the coefficients a ±1/2 are parametrized as 
1,±1 = ±
Switching to the Cartesian components
10 , (3.30c)
we arrive at the well-known result that the magnetic dipole moment vector of the unperturbed atom can be written as 
with 
To tackle the integral on the right-hand side of Eq. (3.36), we exploit the identity
akin to the one in Eq. (3.14), and the following partial-wave expansion of the generalized Dirac-Coulomb Green function:
(3.38)
With some labor, this yields
where we define 
In this way, we have shown that the only magnetic 2 L -pole moment induced in the atom by a weak, static, uniform electric field is the quadrupole (L = 2) one, spherical components of M (1) 2M being given by Eqs. (3.44a)-(3.44c) . A detailed analysis of the induced magnetic quadrupole moment will be carried out in the next section.
IV. EVALUATION OF THE FIRST-ORDER INDUCED MAGNETIC QUADRUPOLE MOMENT
The knowledge of the spherical components of the induced magnetic quadrupole moment tensor M (1) 2 enables one to express that tensor in a coordinate-free form. To achieve this, we use the fact that the Cartesian components of M (1) 2 are defined as
or, equivalently, as
Making use of Eqs. (3.11) and (4.2), and of the explicit forms of the spherical harmonics Y 2M (n r ) with M = 0, ± 1, ± 2, the matrix representation of M (1) 2 in the Cartesian basis, written in terms of the spherical components, is found to be
With the aid of Eqs. (3.44a)-(3.44c), this can be simplified to the form
Plugging here the expressions (3.28) for a ±1/2 and combining the result with Eq. (3.32), we see that the sought coordinate-free representation of M
2 is
where I is the unit dyadic. The proportionality factor
expressed here in terms of the radial integral R 21 −2 , is the electric-dipole-to-magnetic-quadrupole (E1 → M2) cross-susceptibility of the atom.
The point concerning the geometric properties of the tensor M
2 being now clarified, we proceed to the calculation of the cross-susceptibility α E1→M2 . This requires the integral R 21 −2 is evaluated. To accomplish the goal, we use as a tool the following Sturmian expansion of the radial generalized Dirac-Coulomb Green function for the ground state of the atom:
found by one of us in Ref. [1] . Here
[with L The two radial integrals appearing in Eq. (4.11) can be taken with the aids of Eqs. (2.11a), (2.11b), (4.8a), (4.8b), and (4.9), the integral formula [Ref. [13] , Eq. (7.414.11)] 12) and the trivial but extremely useful identity
This yields
Consequently, the cross-susceptibility α E1→M2 can be written as
To express α E1→M2 in terms of known special functions, in the above series we collect together terms with the same absolute value of the summation index n r . Proceeding in this way, we obtain
n r !(n r + γ 2 − γ 1 ) (n r + 2γ 2 + 1)
Now, it is known from the theory of the generalized hypergeometric functions p F q [14, 15] that 
